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Abstract
Considerspatial data consistingof a setof binary fea-

turestakingvaluesovera collectionof spatialextents(grid
cells). We proposea methodthat simultaneously�nds spa-
tial correlation and feature co-occurrencepatterns,with-
out any parameters. In particular, weemploytheMinimum
DescriptionLength(MDL) principle coupledwith a natu-
ral wayof compressingregions. Thisde�neswhat “good”
means:a feature co-occurrencepatternis good,if it helps
us better compressthe set of locationsfor thesefeatures.
Conversely, a spatialcorrelationis good,if it helpsusbet-
ter compressthesetof featuresin thecorrespondingregion.
Our approach is scalablefor large datasets(both number
of locationsand of features). We evaluateour methodon
bothrealandsyntheticdatasets.

1 Intr oduction

In this paperwe dealwith the problemof �nding spa-
tial correlationpatternsandfeatureco-occurrencepatterns,
simultaneouslyandautomatically. For example,consider
environmentaldatawherespatial locationscorrespondto
patches(cellsin arectangulargrid) andfeaturescorrespond
to speciespresenceinformation.For eachpatchandspecies
pair, theobservedvalueis eitheroneor zero,dependingon
whetherthe particularspecieswasobserved or not at that
patch. In this case,featureco-occurrencepatternswould
correspondto speciesco-habitationandspatialcorrelation
patternswould correspondto naturalhabitatsfor species
groups.Combiningthetwo will generatehomogeneousre-
gionscharacterisedby a setof speciesthat live in thosere-
gions. We wish to �nd “good” patternsof this form simul-
taneouslyandautomatically.
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Spatialdatain this form (binary featuresover a set of
locations)occurnaturallyin severalsettings,e.g.:

� Biodiversitydata,suchastheexampleabove.

� Geographicaldata,e.g.,presenceof facilities (shops,
hospitals,houses,of�ces, etc)overasetof city blocks.

� Environmentaldata,e.g.,occurrenceof differentphe-
nomena(storms,hurricanes,snow, drought,etc. or )
overasetof locationsin satelliteimages.

� Historical/linguisticdata,e.g.,occurrenceof different
words in differentcounties,or occurrenceof various
typesof historicaleventsovera setof locations.

In all thesesettings,we would like to discover meaning-
ful featureco-occurrenceand spatialcorrelationpatterns.
Existing methodseither discover one of the two typesof
patternsin isolation,or requirethe userto specifycertain
parametersor thresholds.

We view theproblemfrom theperspectiveof succinctly
summarizing(i.e., compressing)the data,andwe employ
theMinimum DescriptionLength(MDL) principleto auto-
matethe process.We grouplocationsandfeaturessimul-
taneously: featureco-occurrencepatternshelpuscompress
spatialcorrelationpatternsbetter, andvice versa.Further-
more,for locationgroups,weincorporatespatialaf�nity by
compressingregionsin anaturalway.

Section2 presentssomeof the background,in the con-
text of ourproblem.Section3 buildsuponthisbackground,
leading to the proposedapproachdescribedin Section4.
Section5 presentsexperimentsthat illustratethe resultsof
our approach.Section6 surveys relatedwork. Finally, in
Section7 weconclude.

2 Background
In this sectionwe introducesomebackground,in the

context of the problemwe wish to solve. In subsequent
sectionswe explain how we adaptthesetechniquesfor our
purposes.

2.1 Minimum description length (MDL)
In thissectionwegiveabrief overview of apracticalfor-

mulationof theminimumdescriptionlength(MDL) princi-
ple. For further information see,e.g., [5, 8]. Intuitively,
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the main idea behindMDL is the following: Let us as-
sumethatwe have a family M of modelswith varyingde-
greesof complexity. Morecomplex modelsM 2 M involve
moreparametersbut,giventheseparameters(i.e.,themodel
M 2 M ), wecandescribetheobserveddatamoreconcisely.

As a simple, concreteexample, considera binary se-
quenceD := [d(1);d(2); : : : ;d(n)] of n coin tosses.A sim-
ple modelM(1) might consistof specifyingthe numberh
of heads.Given this modelM(1) � f h=ng, we canencode
thedatasetD usingL(DjM(1)) := nH(h=n) bits [26], where
H(�) is the Shannonentropy function. However, in order
to be fair, we shouldalso include the numberL(M(1)) of
bits to transmitthe fraction h=n, which canbe doneusing
log?n bits for the denominatorand dlog(n + 1)e bits for
the numeratorh 2 f 0;1; : : : ;ng, for a total of L(M(1) ) :=
log?n+ dlog(n+ 1)ebits.

De�nition 1 (Codelength and description complexity)
L(DjM(1)) is code length for D, given the model M(1) .
L(M(1)) is the model description complexity and
L(D;M(1)) := L(DjM(1)) + L(M(1) ) is the total code
length.

A slightly more complex model might consistof seg-
mentingthe sequencein two piecesof lengthn1 � 1 and
n2 = n � n1 and describingeachone independently. Let
h1 andh2 be the numberof headsin eachsegment. Then,
to describethe model M(2) � f h1=n1;h2=n2g, we need
L(M(2)) := log?n + dlogne+ dlog(n � n1)e + dlog(n1 +
1)e+ dlog(n2 + 1)e bits. Given this information, we can
describethe sequenceusing L(DjM(2) ) := n1H(h1=n1) +
n2H(h2=n2) bits.

Now, assumethat our family of models is M :=
f M(1);M(2)g and we wish to choosethe “best” one for a
particularsequenceD. We will examinetwo sequencesof
lengthn = 16,bothwith 8 zerosand8 ones,to illustratethe
intuition.

Let D1 := f 0;1;0;1; � � � ;0;1g, with alternatingvalues.
We have L(D1jM(1)

1 ) = 16H(1=2) = 16 and L(M(1)
1 ) =

log?16+ dlog(16+ 1)e= 10+ 5 = 15. However, for M(2)
1

the best choice is n1 = 15, with L(D1jM(2)
1 ) � 15 and

L(M(2)
1 ) � 19. The total codelengthsare L(D1;M(1)

1 ) �

16+ 15= 31andL(D1;M(2)
1 ) � 15+ 19= 34. Thus,based

ontotalcodelength,thesimplermodelis better1. Themore
complex modelmay give us a lower codelength,but that
bene�t is not enoughto overcomethe increasein descrip-
tion complexity: D1 doesnot exhibit a patternthat canbe
exploitedbya two-segmentmodelto describethedata.

Let D2 := f 0; � � � ;0;1; � � � ;1g with all similarvaluescon-
tiguous. We have againL(D2jM(1)

2 ) = 16 andL(M(1)
2 ) =

1The absolutecodelengthsare not important; the bit overheadcom-
paredto thestraighttransmissionof D tendsto zero,asn grows to in�nity .

0 01111 1 1 1  (depth-first order) = 9 bits

Image (4x4)

Colour: 7 x H(5/7, 1/7, 1/7) = 8.04 bits
Total: 17.04 bitsEntropy coding:

Naive coding:
16 x 3 = 48 bits

16 x H(7/16, 5/16, 4/16) = 24.74 bits

Tree

Structure:

Figure 1. Quadtree compression: The map on
the left has 4� 4 = 16 cells (pix els), each hav­
ing one of three possib le values. The result­
ing quadtree has 10 leaf nodes, again each
having one of three possib le values.

15. But, for M(2)
2 the bestchoiceis n1 = n2 = 8 so that

L(D2jM(2)
2 ) = 8H(0) + 8H(1) = 0 andL(M(2)

2 ) � 24. The

total code lengths are L(D2;M(1)
2 ) � 16+ 15 = 31 and

L(D2;M(2)
2 ) � 0 + 24 = 24. Thus, basedon total code

length, the two-segmentmodel is better. Intuitively, it is
clearthatD2 exhibitsapatternthatcanhelpreducethetotal
codelength.This intuitive fact is preciselycapturedby the
total codelength.

In fact,this simpleexampleis prototypicalof thegroup-
ings we will considerlater. More generally, we could
considera family M := f M(k) j 1 � k � ng of k-segment
models and apply the sameprinciples. Furthermore,
the datasetswe will considerare two-dimensionalmatri-
cesD := [d(i; j)], insteadof one-dimensionalsequences.In
Section3.2we addressbothof theseissues.To complicate
mattersevenfurther, oneof thedimensionsof D hasa spa-
tial locationassociatedwith it. Section4 presentsdatade-
scriptionmodelsthatalsoincorporatethis information.

In fact,choosingtheappropriatefamilyof modelsisnon-
trivial. Roughlyspeaking,at oneextremewe have thesin-
gletonfamily of “just theraw data,” which cannotdescribe
any patterns.At theotherextreme,wehave“all Turingma-
chineprogramsthatproducethedataasoutput,” whichcan
describethemostintricatepatterns,but make modelselec-
tion intractable.Striking theright balanceis achallenge.In
this paper, we addressit for thecaseof spatialdata.

2.2 Quadtreecompression

A quadtreeis a datastructurethat canbe usedto ef�-
cientlyindex contiguousregionsof variablesizein agrid. It
hasbeenusedsuccessfullyin imagecodingandhastheben-
e�t of small overheadandvery ef�cient construction[28].
Figure1 shows a simpleexample. Eachinternalnodein a
quadtreecorrespondsto a partitioningof a rectangularre-
gion into four quadrants.Theleaf nodesof a quadtreerep-
resentrectangulargroupsof cellsandhave a valuep asso-
ciatedthem,wherep is thegroupID. In the following we
brie�y describequadtreecodelengths.
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Structur e. The structureof a quadtreeuniquely corre-
spondsto a partitioningof thegrid. For example,theparti-
tioninginto threeregionsin Figure1 ontheleft corresponds
to thestructureon theright. This partitioningis chosenin
a way that respectsspatialcorrelations.The structurecan
be describedeasily by performinga traversalof the tree
and transmittinga zero for non-leafnodesand a one for
leafnodes.Thetraversalorderis notsigni�cant; wechoose
depth-�rst order(seeFigure1).

Values. Quadtreestructureconveysinformationaboutthe
partition boundaries(thick grid lines in Figure1). These
captureall correlations:in effect,wehavereducedtheorig-
inal setof equal-sizedcells to a (smaller)setof variable-
sized,squarecells (eachonecorrespondingto a leaf node
in the quadtree).Sincethe correlationshave alreadybeen
takeninto account,wemayassumethattheleafnodevalues
areindependent.Therefore,thecostto transmitthevalues
is equalto thetotal numberof leaf nodes,multiplied by the
entropy of theleafvaluedistribution.

Lemma 1 (Quadtreecodelength) Let T be a quadtree
with m0 leaf nodes,of which m0

p havevalue p, where 1 �
p � k. Then,the numberof internal nodesis dm0=3e� 1.
Structure informationcanbe transmittedusingonebit per
node(leaf/non-leaf)andvaluescanbetransmittedusingen-
tropycoding. Therefore, thecorrespondingtotal codelength
is

L(T) = m0H
�

m0
1

m0; m0
2

m0; : : : ;
m0

k
m0

�
+

l
4m0

3

m
� 1

Thishasa straightforwardbut importantconsequence:

Lemma 2 The codelengthL(T) for a quadtree T can be
computedin constanttime, if we know the distribution of
leafnodevalues.

In otherwords,for afull quadtree(i.e.,onewhereeachnode
haseitherzeroor four descendants),if weknow m0andm0

p,
for 1 � p � k, we cancomputethecostin closedform, us-
ing Lemma1. Note that the quadtreedoesnot have to be
perfect(i.e., all leavesdo not have to beat thesamelevel).
Whenanodeis reassignedadifferentvalue,regionconsoli-
dationsmayoccur(i.e.,pruningof leaveswith samevalue).
Updatingm0 andm0

p will requiretime proportionalto the
numberof consolidations,which aretypically localized.In
theworstcase,thetimewill beO(logm) if pruningcascades
up to therootnode.

3 Preliminaries
In thissectionwe formalizetheproblemandpreparethe

groundfor introducingourapproachin Section4.

3.1 Problemde�nition
Assumewe aregiven m cells on an evenly-spacedgrid

(e.g., �eld patchesin biological data)andn features(e.g.,

Symbol De�nition

D Binarydatamatrix.
m;n Dimensionsof D (rows, columns); rows

correspondto cells.
k;` Numberof row andcolumngroups.
k� ; ` � Optimalnumberof groups.
QX ;QY Row andcolumnassignmentsto groups.
Dp;q Submatrixfor intersectionof p-th row and

q-th columngroup.
mp;nq Dimensionsof Dp;q.
jDp;qj Numberof elementsjDp;qj := mpnq.
r p;q Densityof 1sin Dp;q.
H(�) BinaryShannonentropy function.
L(Dp;qjQX ;QY ;k;`) Codelengthfor Dp;q.
L(D;QX ;QY;k;`) Totalcodelengthfor D.

Table 1. Symbols and de�nitions.

species). For eachpair (i; j), 1 � i � m and 1 � j � n,
we arealsogiven a binary observation (e.g.,speciespres-
ence/absenceateachcell).

We want to groupbothcellsandfeatures,thusalsoim-
plicitly forming groupsof observations(eachsuchgroup
correspondingto anintersectionof cell andfeaturegroups).
Thetwo mainrequirementsare:

1. Spatialaf�nity: Groupsof cellsshouldexhibit spatial
coherence,i.e., if two cellsi1 andi2 areclosetogether,
thenwe wish to favour cell groupingsthatplacethem
in thesamegroup.Furthermore,spatialaf�nity should
bebalancedwith featureaf�nity in a principledway.

2. Homogeneity: The implicit groups of observations
shouldbe ashomogeneousaspossible,i.e., benearly
all-onesor all-zeros.

The problemandour proposedsolutioncanbe easily ex-
tendedto a collection of categorical features(i.e., taking
morethantwo values,from a �nite setof possiblevalues)
percell.

3.2 MDL and binary matrices

Let D = [d(i; j)] denotea m� n (m;n � 1) binary data
matrix. A bi-groupingis a simultaneousgroupingof them
rows andn columnsinto k and` disjoint row andcolumn
groups,respectively. Formally, let

QX : f 1;2; : : : ;mg ! f 1;2; : : : ;kg

QY : f 1;2; : : : ;ng ! f 1;2; : : : ; `g

denotetheassignmentsof rows to row groupsandcolumns
to columngroups,respectively. Thepair f QX ;QYg is a bi-
grouping.

Basedon theobservationthatagoodcompressionof the
matrix implies a good,concisegrouping,bothk, ` aswell
astheassignmentsQX;QY canbedeterminedby optimizing
thedescriptioncostof thematrix. Let

Rp := Q� 1
X

�
p
�
; Cq := Q� 1

Y

�
q
�
; 1 � p � k;1 � q � `
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be the set of rows and columnsassignedto row group p
andcolumngroupq, with sizesmp := jRpj andnq := jCqj,
respectively. Then,let

Dp;q := [d(Rp;Cq)]; 1 � p � k;1 � q � `:

be the sub-matrixof D de�ned by the intersectionof row
groupp andcolumngroupq. Thetotal codelengthL(D) �
L(D;QX ;QY;k; `) for transmittingD is expressedas

L(D) = L(DjQX ;QY;k; `) + L(QX;QY;k; `):

For the �rst part of Eq. 3.2, elementswithin eachDp;q
areassumedto bedrawn independently, sothat

L(Dp;qjQX;QY;k; `) = dlog(jDp;qj + 1)e+ jDp;qjH
�
r p;q

�

wherer p;q is the density(i.e., probability) of oneswithin
Dp;q andjDp;qj = mpnq is thenumberof its elements.This
is analogousto thecoin tosssequencemodelsdescribedin
Section2.1. Finally,

L(DjQX ;QY;k; `) := å k
p= 1å `

q= 1L(Dp;qjQX;QY;k; `):

For thesecondpartof Eq.3.2, row andcolumngroupings
areassumedto beindependent,hence

L(QX ;QY;k; `) = L(QX ;QYjk; `) + L(k; `)

= L(QX jk) + L(k) + L(QYj`) + L(`):

Finally, auniformprior is assignedto thenumberof groups,
aswell as to eachpossiblegroupinggiven the numberof
groups,i.e.,

L(k) = � logPr(k) = logm

L(QX jk) = � logPr(QX jk) = log
� m

m1 ��� mk

�

andsimilarly for thecolumngroups.
UsingStirling's approximationlnn! � nlnn� n andthe

factthatå i mi = m, wecaneasilyderive thebound

L(QX jk) = log
� m

m1 ��� mk

�
= log m!

m1!���mk!

= logm! � å k
i= 1 logmi ! � mlogm� å k

i= 1mi logmi

= � må k
i= 1

mi
m log mi

m = mH
� m1

m ; : : : ; mk
m

�

� mlogk:

Therefore,we have thefollowing:

Lemma 3 Thecodelengthfor transmittinganarbitrary m-
to-k mappingQX , where mp symbolsfrom the range are
mappedinto each valuep;1 � p � k, is approximately

L(QX jk) = mH
� m1

m ; : : : ; mk
m

�

3.3 Map boundaries

Thesetof all cellsmayform anarbitrary, complex shape,
ratherthanasquarewith asidethatis apowerof two. How-
ever, wewishto penalizeonly thecomplexity of interiorcell

don't
care

Map Map negation
Unconditional

quadtree quadtree
Conditional

5 bits (structure) 1 bit (structure)

(c)(a) (b) (d)

non-existent

Figure 2. Quadtree compression to discount
the comple xity of the enclosing region' s
shape; onl y the comple xity of cell group
shapes within the map' s boundaries matter s.

groupboundaries.The shapeof boundarieson the edges
(e.g.,coastline)of themapshouldnotaffect thecost.

For example,assumethatourdatasetconsistsof thethree
black cells in Figure2(a). If all threecells belongto the
samegroupandwe encodethis informationnä�vely, then
we get a quadtreewith � ve nodes(Figure2(c)). However,
thecomplexity of the resultingquadtreeis only dueto the
factthatthebottom-leftis “non-existent.”

If we know the shapeof the entire map a priori , we
canencodethe sameinformationusing1 bit, asshown in
Figure2(d). In essence,bothtransmitterandreceiveragree
upona set of “existing” cell locations(or, equivalently, a
prior quadtreecorrespondingto themapdescription).This
informationshouldnot be accountedfor in the total code-
length,as it is �x ed for a given dataset.Given this infor-
mation, all cells groupsin the transmittedquadtree(e.g.,
group of both light and dark gray in Figure2(d)) should
be intersectedwith the setof existing cells (e.g.,black in
Figure2(a)) to get theactualcellsbelongingto eachgroup
(e.g.,only darkgrayin Figure2(d)).

Sincethe“non-existent”locationsareknownto bothpar-
ties,we do not needto take theminto accountfor the leaf
value codelength,which is still m0H(m0

1=m0; : : : ;m0
k=m0)

(seeLemma1), wherem0
p is thenumberof quadtreeleaves

having valuep (1 � p � k) andm0= å k
p= 1m0

p. However, for
the tree-structurecodelengthwe needto includethe num-
ber m0

0 of nodescorrespondingto non-existent locations
(e.g.,white in Figure2(c)). Thus,thestructurecodelength
is d4(m0+ m0

0)=3e� 1.

4 Spatial bi-grouping

In the previous sectionswe have gradually introduced
thenecessaryconceptsthat leadup to our �nal goal: com-
ing up with a simple but powerful descriptionfor binary
data,whichalsoincorporatesspatialinformationandwhich
allows us to automaticallygroupbothcells aswell asfea-
tures,withoutany user-speci�edparameters.

In order to exploit dependenciesdue to spatialaf�nity ,
wecanpursuetwo alternatives:
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1. Relaxtheassumptionthatthevalueswithin eachDp;q
are independent,thus modifying L(DjQX ;QY;k; `).
This amountsto sayingthat, givencells i1 andi2 be-
long to thesamegroup,thenit is morelikely that fea-
ture j will be presentin both cells if they areneigh-
bouring.

2. Assign a non-uniform prior to the spaceof possi-
ble groupings,thus modifying L(QX ;QY;k; `). This
amountsto sayingthat two cells i1 and i2 are more
likely to belongto the samegroup,if they areneigh-
bouring.

Wechoosethelatter, sinceourgoalis to �nd cell groupsthat
exhibit spatialcoherence.In the formeralternative, spatial
af�nity doesnot decidehow we form the groups; it only
comesinto playafterthegroupingshavebeendecided.The
secondalternative fortunatelyleadsto ef�cient algorithms.
Eachtime we considerchangingthe group of a cell, we
have to examinehow this changeaffectsthe total cost. As
weshallsee,this testcanbeperformedveryquickly.

In particular, wechooseto modify thetermL(QX jk). Let
usassumethatthedatasethasm= 16cells,forminga4� 4
square(seeFigure1), and that cells areplacedinto k = 3
groups(light gray, dark gray andblack in the �gure). In-
steadof transmittingQX asanarbitrarym-to-kmapping(see
Section3.2), we cantransmitthe imageof m = 16 pixels
(cells),eachonehaving oneof k = 3 values.Thelength(in
bits) of the quadtreefor this imageis preciselyour choice
of L(QX jk) (compareLemmas1 and3).

By usingthequadtreecodelength,we essentiallypenal-
ize cell groupregion complexity. Thenumberof groupsis
factoredinto thecostindirectly, sincemoregroupstypically
imply higherregioncomplexity.

4.1 Intuition
For concreteness,let usconsiderthecaseof patchloca-

tionsandspeciespresencefeatures.The intuitive interpre-
tationof cell andfeaturegroupsis thefollowing:

� Row (i.e., cell) groups correspondto “neighbour-
hoods”or “habitats.” Clearly, a habitatshouldexhibit
a “reasonable”degreeof spatialcoherence.

� Column(i.e.,species)groupscorrespondto “f amilies.”
For example,a groupconsistingof “gull andpelican”
maycorrespondto “seabirds,” while a groupwith “ea-
gleandfalcon”wouldcorrespondto “mountainbirds.”

Thepatternswe�nd essentiallysummarisespeciesandcells
into familiesandhabitats.Thesummariesarechosensothat
theoriginal dataarecompressedin thebestway. Giventhe
simultaneoussummaries,we wish to make the intersection
of familiesandhabitatsasuniform aspossible:a particu-
lar family shouldeitherbemostlypresentor mostlyabsent
from a particularhabitat.This criterion jointly decidesthe

21 (struct.) + 16 x H(1/2, 1/2) = 37 bits [above]Two clusters:

Two clusters: 16 bits / Single cluster: 37 bits
Block codelength:

Single cluster:

Quadtree length:

1 bit [root node only]

Figure 3. In this simple example (16 cells and
2 species, i.e., 32 binar y values total), if we
require groupings to obey spatial af�nity , we
obtain the shor test description of the dataset
(locations and species) if we place all cells in
one group. Any fur ther subdivision onl y adds
to the total description comple xity (due to cell
group region shapes).

speciesof a family andthecellsof a habitat.However, our
quad-treemodelcomplexity favourshabitatsthat arespa-
tially contiguouswithout overly complicatedboundaries.

The group search algorithms are presented in
subsection4.2. Intuitively, we alternatively re-group
cellsandfeatures,alwaysreducingthetotal codelength.

Example. A simple exampleis shown in Figure3. We
choosethisexampleasanextremecase,to clarify thetrade-
offs betweenfeatureandspatialaf�nity . Experimentsbased
on this boundarycasearepresentedin section5. Assume
we havetwo species,locatedona squaremapin achecker-
boardpattern(i.e., oddcellshave only speciesA andeven
cellsonlyspeciesB). Considerthetwoalternatives(weomit
thenumberof bits to transmitspeciesgroups,which is the
samein bothcases):

� Two cell groups,in checkerboardpattern:Onegroup
containsonly theevencellsandtheotheronly theodd
cells. In this case,we need37 bits for the quadtree
(seeFigure3). For the submatrices,we needdlog(8 �
1+ 1)e+ 8H(1) = 4 bits for eachof the four blocks
(two speciesgroupsandtwo cell groups),for a totalof
16bits. Thetotal codelengthis 37+ 16= 53bits.

� One cell group, containingall cells: In this casewe
needonly 1 bit for the (singletonnode)quadtreeand
dlog(32� 1 + 1)e+ 32H(1=2) = 37 bits total for the
submatrices.Thetotal codelengthis 37+ 1 = 38bits.

Therefore,our approachprefersto placeall cells in one
group.Theinterpretationis that“both speciesA andB oc-
cupy thesamelocations,with presencein r 1;1 = 50%of the
cells.” Indeed,if we choseto perfectlyseparatethespecies
instead,thecell groupboundariesbecomeoverly complex
without any spatialaf�nity . Furthermore,if thenumberof
specieswasdifferent,the tipping point in the trade-off be-
tweencell groupcomplexity andspeciesgroup“impurity”
would alsochange.This is intuitively desirable,sincede-
scribing exceptionsin larger speciesgroupsis inherently
morecomplex.
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Algorithm INNER:
Startwith an arbitrarybi-grouping(Q0

X;Q0
Y) of the matrix

D into k row groupsand` columngroups.Subsequently, at
eachiterationt performthefollowing steps:

1. For this step,we will hold columnassignments,i.e.,
Qt

Y, �x ed.We startwith Qt+ 1
X := Qt

X and,for eachrow
i;1 � i � n, we updateQt+ 1

X (i)  p, 1 � p � k sothat
thechoicemaximizesthe“costgain”

�
L(DjQt

X ;Qt
Y;k; `) + L(Qt

X jk)
�
�

�
L(DjQt+ 1

X ;Qt
Y;k; `) + L(Qt+ 1

X jk)
�
:

We also updatethe correspondingprobabilitiesr t+ 1
p;q

aftereachupdateto Qt+ 1
X .

2. Similar to step 1, but swapping group labels of
columns insteadand producing a new bi-grouping
(Qt+ 1

X ;Qt+ 2
Y ).

3. If thereis no decreasein total costL(D), stop. Other-
wise,sett  t + 2, go to step1, anditerate.

Figure 4. Row and column grouping, given
the number of row and column groups.

4.2 Algorithms

Findingaglobaloptimumof thetotalcodelengthis com-
putationallyvery expensive. Therefore,we take the usual
courseof employing a greedylocal search(asin, e.g.,stan-
dardk-means[13] or in [4]). At eachstepwe make a local
movethatalwaysreducestheobjective functionL(D). The
searchfor cell andfeaturegroupsis donein two levels:

� INNER level (Figure4): Weassumethatthenumberof
groups(for bothcellsandfeatures)is givenandtry to
�nd thegroupingthatminimizesthe total codelength.
The possiblelocal movesat this level are: (i) swap-
ping featurevectors(i.e., grouplabelsfor rows of D),
and (ii) swappingcell vectors(i.e., group labels for
columnsof D).

� OUTER level (Figure5): Givena way to optimizefor
a speci�c numberof groups(i.e., outerlevel), we pro-
gressively try the following local moves: (i) increase
the numberof cell groups,and(ii) increasethe num-
ber of featuregroups. Eachof thesemovesemploys
theinnerlevel search.

If k and` wereknown in advance,thenonecoulduseonly
INNER to �nd the bestgrouping. Thesemovesguide the
searchtowardsa local minimum. In practice,this strategy
is very effective. We canalsoperforma small numberof
restartsfrom differentpoints in the searchspace(e.g.,by
randomlypermutingrows andcolumnsof D) andkeepthe
bestresult,in termsof total codelengthL(D).

For eachrow (i.e., cell) swap, we needto evaluatethe
changein quadtreecodelength,which takesO(logm) time

Algorithm OUTER:
Startwith k0 = `0 = 1 andat eachiterationT:

1. Try to increasethenumberof row groups,holdingthe
numberof columngroups�x ed.Wechooseto split the
row groupp� with maximumper-row entropy, i.e.,

p� := argmax1� p� kå 1� q� ` jDp;qjH(r p;q)=mp:

ConstructangroupingQT+ 10

X by moving eachrow i of
thegroupp� thatwill besplit (QT

X(i) = p� , 1 � i � m)
into the new row groupkT+ 1 = kT + 1, if andonly if
this decreasestheper-row entropy of groupp� .

2. Apply algorithm INNER with initial bi-grouping
(QT+ 10

X ;QT
Y ) to �nd new ones(QT+ 1

X ;QT+ 1
Y )..

3. If there is no decreasein total cost, stop and return
(k� ; ` � ) = (kT ; `T ) with correspondingbi-grouping
(QT

X ;QT
Y). Otherwise,setT  T + 1 andcontinue.

4–6. Similar to steps1–3, but trying to increasecolumn
groupsinstead.

Figure 5. Algorithm to �nd number of row and
column groups.

in theworstcase(wheremis thenumberof cells).However,
in practice,theeffectsof asingleswapin quadtreestructure
tendto belocal.

Complexity. Algorithm INNER is linear in the number
nnzof non-zerosin D. More precisely, the complexity is
O

�
(nnz� (k+ `) + nlogm) � T

�
= O(nnz� (k+ ` + logm) � T),

whereT is thenumberof iterations(in practice,about10–
15 iterationssuf�ce). We make the reasonableassump-
tion thatnnz> n+ m. Thenlogm termcorrespondsto the
quad-treeupdatefor eachrow swap. In algorithmOUTER,
we increasethe total numberk + ` of groupsby one at
eachiteration, so the overall complexity of the searchis
O((k� + ` � )2nnz+ (k� + ` � )nlogm), which is is linearwith
respectto thedominatingterm,nnz.

5 Experimental evaluation

In this sectionwe discussthe resultsour methodpro-
duceson a numberof datasets,bothsynthetic(to illustrate
the intuition) andreal. We implementedour algorithmsin
Matlab6.5. In orderto evaluatethespatialcoherenceof the
cell groups,we plot thespatialextentsof eachgroup(e.g.,
seealso[29]). In eachcasewe compareagainstnon-spatial
bi-grouping(aspresentedin Section3.2). This non-spatial
approachproducescell groupsof qualitysimilar to or better
than,e.g.,straightk-means(with plain Euclideandistances
on thefeaturebit vectors)whichwe alsotried.

SaltPepper. This is essentially the example in
Section4.1, with two featuresin a chessboardpattern.
For theexperiment,themapsizeis 32� 32cells,sothesize
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(a)Non-spatialgrouping (b) Spatialgrouping

Figure 6. Noisy regions.

of D is 1024� 2. The spatialapproachplacesall cells in
the samegroup,whereasthe non-spatialapproachcreates
two row andtwo columngroups.Thetotal codelengthsare
(for adetailedexplanation,seeSection4.1):

Codelength
Groups Non-spatial Spatial

1� 1 2048+ 22= 2070 2048+ 14= 2062
2� 2 0 + 61= 61 0 + 2431= 2431

NoisyRegions. This datasetconsists of three features
(say, species)ona32� 32grid, sothesizeof D is 1024� 3.
The grid is divided into threerectangles.Intuitively, each
rectangleis a habitatthat containsmostly oneof the three
species.However, someof thecellscontain“stray species”
in thefollowing way: at 3% of thecellschosenat random,
we placeda wrong, randomly chosenspecies. Figure6
shows the groupingsof eachapproach. The spatial ap-
proachfavours more spatially coherentcell groups,even
thoughthey maycontainsomeof thestrayspecies,because
thatreducesthetotalcodelength.Thus,it capturesthe“true
habitats”almostperfectly(exceptfor a few cells,sincethe
algorithms�nd a localminimumof thecodelength).

Birds. This datasetconsistsof presenceinformation for
219Finnishbird speciesover 381310Km� 10Km patches
which cover Finland. The 3813� 219 binary matrix con-
tains33.8%non-zeros(281,953entriesoutof 835,047).

First, the cell groups in Figure7(b) clearly exhibit a
higherdegreeof spatialaf�nity than thosein Figure7(a).
In fact,thegroupingin Figure7(b) capturestheborealveg-
etationzonesin Finland: the light blue andgreenregions
correspondto the southboreal,yellow to the mid boreal
andredto thenorthborealvegetationzone.

With resepctto thespeciesgroups,themethodsuccess-
fully capturesstatisticaloutliersandbiasesin thedata.For
example,osprey is placedin a singletongroup. The data
for this specieswasreceivedfrom a specialstudy, wherea
big effort wasmadeto seeknests.Similarly, black-throared
diver is placedin a singletongroup,mostlikely becauseof
its gooddetectabilityfrom large distances.Rusticbunting
hashighly specializedhabitatrequirements(mire forests)
andis alsonotgroupedwith any otherspecies.

Non-spatial (k=23, l=18)
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(a)Non-spatialgrouping (b) Spatialgrouping
(k = 23cell groups, (k = 14cell groups,

` = 18speciesgroups) ` = 16speciesgroups)

Figure 7. Finnish bir d habitats; our appr oach
produces much more spatiall y coherent cell
groups (see, e.g., red, purple and light blue)
and captures the boreal vegetation zones.

6 Relatedwork
In “traditional” clusteringweseekto grouponly therows

of D, typically basedonsomenotionof distanceor similar-
ity. Themostpopularapproachis k-means(see,e.g.,[13]).
There are several interestingvariants,which aim at im-
proving clusteringquality (e.g.,k-harmonicmeans[30] and
sphericalk-means[7]) or determiningk basedonsomecri-
terion (e.g., X-means[23] and G-means[10]). Besides
these,there are many other recentclusteringalgorithms
that usean altogetherdifferentapproach,e.g.,CURE [9],
BIRCH [31], Chameleon[16] and DENCLUE [14] (see
also[11]). TheLIMBO algorithm[2] usesa related,infor-
mationtheoreticapproachfor clusteringcategoricaldata.

The problemof �nding spatiallycoherentgroupingsis
relatedto imagesegmentation;see,e.g.,[29]. Othermore
generalmodelsandtechniquesthatcouldbeadaptedto this
problemare,e.g.,[3, 19, 24]. However, all dealonly with
spatialcorrelationsandcannotbedirectlyusedfor simulta-
neouslydiscoveringfeatureco-occurrences.

Prevailing graphpartitioning methodsare METIS [17]
andspectralpartitioning[22]. Relatedis alsothework on
conjunctive clustering[21] andcommunitydetection[25].
However, thesetechniquesalsorequiresomeuser-speci�ed
parametersand, more importantly, do not deal with spa-
tial data. Informationtheoreticcoclustering[6] is related,
but focuseson lossy compressionof contingency tables,
with distortion implicitly speci�ed by providing the num-
ber of row and column clusters. In contrast,we employ
MDL anda losslesscompressionschemefor binarymatri-
ceswhich alsoincorporatesspatialinformation. Themore
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recentworkoncross-associations[4] is alsoparameter-free,
but it cannothandlespatial information. Finally, Keogh
et al. [18] proposeparameter-freemethodsfor classicdata
mining tasks(i.e.,clustering,anomalydetection,classi�ca-
tion) basedonstandardcompressiontools.

Frequentitemsetmining broughta revolution [1] with
a lot of follow-up work [11, 12]. Thesetechniqueshave
also been extended for mining spatial collocation pat-
terns [20, 27, 32, 15]. However, all theseapproachesre-
quire theuserto specifya supportand/orotherparameters
(e.g.,signi�cance,con�dence,etc).

7 Conclusion

We proposea methodto automaticallydiscover spatial
correlationandfeatureco-occurrencepatterns.In particu-
lar:

� We group cells and featuressimultaneously: feature
co-occurrencepatternshelpuscompressspatialcorre-
lationpatternsbetter, andviceversa.

� For cell groups(i.e., spatialcorrelationpatterns),we
proposea practicalmethodto incorporateandexploit
spatialaf�nity , in a naturalandprincipledway.

� We employ MDL to discover the groupingsand the
numberof groups,directly from thedata,without any
userparameters.

Our methodeasily extendsto other naturalspatialhierar-
chies,whenavailable(e.g.,city block,neighbourhood,city,
county, state,country),aswell asto categoricalfeatureval-
ues.Finally, we employ fastalgorithmsthatarepractically
linearin thenumberof non-zeroentries.
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