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1 Intr oduction

Datastreamsappearin multiple settings,suchasenvi-
ronmental,medicalandsocioeconomicsystems.Thereare
many, fascinatingresearchproblemsin suchsettings,like
clustering[1], summarization[3], andforecasting[2].

We focusona less-studiedproblem,namelyto automat-
ically determinewhethera sequenceX followsanotherse-
quenceY, with anunknown lag l , which we needto deter-
mine on the �y . The criterion is basedon the correlation
coef�cient � (l ). Recallthat thecorrelationcoef�cient � (l )
for lag l betweentwo time sequencesX = f x1; : : : ; xn g
andY = f y1; : : : ; yn g of equallengthn, is de�ned asfol-
lows:

� (l ) =
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where�x, �y denotethemeanof X andY, respectively. We
areinterestedin highabsolutevaluesof � (l ).

De�nition 1 (Lag Corr elation) Wesaythattwosequences
X andY havea lagcorrelationof l , andspeci�cally thatX
lagsY bylag l , if theabsolutevaluej� (l )j of thecorrelation
coef�cient betweenx t andyt � l is abovea threshold
 , say

 = 0:4, and this is the global maximum,or the earliest
local maximum,if moremaximaexist.

We choosetheearliestlocal maximum,to accountfor two
periodicsignalslaggingeachother.

If X and Y were static, the problemwould be trivial:
computethe CCF (cross-correlationfunction) � (l ) (l =
1; 2; : : :) and report the smallestlag l for which the CCF
is maximized. When X and Y continuouslyincreasein
length, the problem is challenging. We want a method
whichwill monitorX andY , and,whenevertheuserwants,
themethodshoulddetermine(a)whetherthereis a lagcor-
relation,and(b) if yes,thevaluel of the lag. We propose
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AutoLag,a lagcapturemethodfor two datastreams.Auto-
Laghasdramaticallybetterperformance(in termsof speed
andmemory),while it maintainsexcellentaccuracy.

2 AutoLag

As justmentioned,if we hadin�nite spaceandtime, the
problemwouldhavethefollowing straightforwardsolution:

Naive Solution At time n, accessall thevaluesof X and
Y, estimate� (l ) for all valuesof thelag l (= 0; 1; : : :), and
choosethemaximumabsolutevalueabove
 , or reportthat
thereis no lag correlation.

Our solutionis basedon threemajorsteps,eachdescribed
next. The �rst steptowardsa streamingsolutionis theob-
servation that, for a �x ed lag l , we canupdatethecorrela-
tion coef�cient � (l ) incrementally. Speci�cally, if we want
to estimatethecorrelationcoef�cient � (0) of two time se-
quencesx t andyt (t = 1; : : : ; n) at time n, we cando that
incrementally, by keepingtrackof thecount(n), thesumof
x t values,thesumof squaresx2

t , thesumof productsx t yt ,
andthesumandsumof squaresof theyt values.These� ve
numbersareenoughto estimatethe correlationcoef�cient
� (0) for lag l = 0. For any desirablevalueof the lag l ,
we just needto keeptrackof thecorresponding5 numbers,
whichweshallreferto as“suf�cient statistics.”

For the secondstep towardsa streamingsolution, we
proposean approximation:Insteadof computing� (l ) for
every possiblevalueof the lag l , we proposeto keeptrack
of only a geometricprogressionof lag values:l= 0,1,2, 4,
: : :, 2i , : : :, anddo interpolationfor the rest. We obtained
goodresultswith cubic splines,but the choiceof interpo-
lation methodis orthogonalto our approach,and, in fact,
other interpolationmethodsmay give even better results.
The justi�cation for our geometricprogressionideais that
it is necessaryto achievesub-linearspaceandtimerequire-
ments,while we expect that the loss in accuracy will be
small, if we are interestedin the relative error of the lag.
The intuition is that our methodwill give good accuracy
for small l , exactly becausefor smallvaluesof thelag l we
have many pointsto interpolate;it may give a largererror
for largelag l , but therelativeerrorwill probablybesmall.
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Figure 1. Estimation of the correlation coef�­
cients (CCF) for Sines.

However, thereis still a subtlepoint: we still needto
have a window of valuesthat is as large asthe largestlag
lmax thatwe want to beableto detect.This is prohibitive,
sincelmax growswith time. We proposeto solve this prob-
lem with an approximation: Insteadof operatingon the
original time sequences,we also computetheir smoothed
version,by computingthe meansof non-overlappingwin-
dows.Thewindow widthswill bepowersof 2,althoughany
othernumberwould beacceptable,too. Let X betheorig-
inal time sequence,andX h be its smoothedversionwith
windows of length2h . We refer to h asthe “level” of the
approximation.Thatis, X 0(t) is theoriginal sequence;X 1
consistsof n=2 ticks,with thepairmeans;X 2 hasn=4 ticks,
with thequadrupletmeans,andsoon. At time n, we need
O(log n) levels; for eachlevel, we computethe suf�cient
statistics.Formallywe have� (l ) � � 1(l=2), andin general

� (l ) � � h (l=2h ) (2)

where � h () is the correlation coef�cient of the h-level
smoothedsequences,and� 0() � � () . It turnsout that, for
smoothinput sequences,theerror is small. In retrospect,it
makessense:if theinput sequencesaresmooth,they won't
be affectedtoo muchby our smoothingthroughwindow-
means.

3 Experiments

To evaluatetheeffectivenessof AutoLag,we performed
experimentson realandsyntheticdatasets.Eachsynthetic
sequencehasadditive white noise.We comparedAutoLag
with the naive implementation. AutoLag can keepmore
thanonecoef�cient for eachlevel to improvetheaccuracy.
We used16 coef�cients for eachlevel. We performedour
experimentson an Intel Xeon 2.8GHzwith 1GB of mem-
ory, runningLinux.

Figure1 shows theestimationof AutoLagfor Sines. In
this �gure, “Naive” denotesthe exact correlationcoef�-
cientscomputedby thenaiveimplementation.“Approxima-
tion” meansthecorrelationcoef�cients computedfrom the

Lagcorrelation EstimationDatasets
Naive AutoLag error(%)

Sines 3410 3412 0.059
SpikeTrains 2841 2829 0.422
TwoSpikes 10408 10436 0.269

Temperature 1632 1622 0.613
Kursk 2698 2688 0.371

Sunspots 1156 1168 1.038

Table 1. Estimation error of lag correlations.

Sequence Wall clock time(ms)
Length Naive AutoLag

Speed-up

1e+04 0.0256 0.00038 67:1
1e+05 0.2896 0.00053 546:1
1e+06 3.0520 0.00061 5003:1
1e+07 29.8844 0.00071 42090:1

Table 2. Wall cloc k time as a function of se­
quence length.

smoothedversion.AutoLaginterpolatesthemissingvalues
betweenthesecorrelationcoef�cients. This �gure shows
that AutoLag closely approximatesthe correlationcoef�-
cients. Table1 shows that theestimationerrorof captured
lag correlations.Theexperimentsdemonstrateclearly that
AutoLagdetectsthecorrectlag perfectlymostof thetime.
Thelargestrelativeerrorwasabout1 %.

Table 2 comparesAutoLag and the naive implementa-
tion in termsof thewall clock time undervaryingsequence
lengthn. Thewall clock time is theaverageof processing
timeto updatesuf�cient statisticsanddetectlagcorrelations
for eachtime tick. AutoLagachievesa dramaticreduction
in computationtime. Speci�cally, AutoLag is up to about
42,000timesfasterthanthenaive implementation.

4 Conclusions

We have introducedthe problemof automaticlag cor-
relationdetectiononstreamingdataandproposedAutoLag
to addressthisproblemby usingcarefulapproximationsand
smoothing.Ourexperimentsonrealandrealisticdatashow
that AutoLag works asexpected,estimatingthe unknown
lags with excellentaccuracy and signi�cant speed-up.In
our experimentson realandrealisticdata,AutoLagwasup
to about42,000timesfasterthanthenaive implementation,
with at most1% relativeerror.
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